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In this paper, the possibility of inserting an increasing continuous lattice-valued function
between two comparable semicontinuous functions is studied. First, we obtain a suﬃcient
condition for such insertion, then we get new characterizations of several classes of
preordered topological spaces, among them normally preordered and extremally preorder-
disconnected spaces. Conditions for the continuous and increasing extension of lattice-
valued maps of the same type deﬁned on closed (resp. open) sets are also investigated.
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1. Introduction
Effort has been devoted over many years to study the conditions for inserting a continuous real-valued function between
a given pair of comparable real-valued functions of some pre-assigned type. It started with the work of Hahn [10] for
metric spaces, which was later extended to paracompact spaces by Dieudonné [3]. Since then, the insertion of continuous
real-valued functions between a pair of comparable functions has been used to characterize separation and countability
properties of topological spaces, where different assumptions on the functions lead to different classes of topological spaces.
Classical results are Kateˇtov and Tong’s characterization of normal spaces [11,27], Dowker’s characterization of normal and
countably paracompact spaces [4] and Michael’s characterization of perfectly normal spaces [16].
In the ﬁfties, Nachbin [18,19] (see also [17,20]) introduced the notion of normally preordered topological space and gen-
eralized, to this new class of spaces, the fundamental results of the theory of normal spaces due to Urysohn. He proved that
the existence of a continuous increasing function between two comparable (either by inequality or strict inequality) upper
and lower semicontinuous functions, one of them increasing, was ensured by requiring the space to be compact preordered.
In 1968, Semadeni and Zidenberg [25] proved that Nachbin’s interpolation property becomes a characterization of normally
preordered spaces if both upper and lower semicontinuous functions are assumed to be increasing. They exhibited an ex-
ample showing that the stronger condition (both increasing) imposed to the semicontinuous functions is not superﬂuous if
the space is not compact.
Soon after, in 1971, Priestley [22], analyzing for non-compact T1-spaces Nachbin’s condition of insertion, arrived to new
notions of normality (the so-called Ni , Nd , N-spaces) that ﬁt better in Nachbin’s interpolation statement. Indeed, the variants
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to a characterization of Ni-spaces and of Nd-spaces. However, no characterization of N-spaces in insertion terms was given
in [22], except in the more restricted class of T1 spaces with a closed order, in which an N-space is nothing but a space
which is simultaneously an Ni and an Nd-space.
Recently, Edwards [5] investigated insertion properties of semicontinuous real-valued functions that surround extremally
preorder-disconnected spaces.
All these results reduce to classical insertion theorems from general topology when the (pre)order is discrete.
Clearly, every insertion theorem necessitates the range space to be endowed with a partial order. Inﬂuenced in part by
other areas of mathematics and also by computer science, functions with values in a more general poset rather than in
the real line as well as spaces in which no separation axiom (or only T0) is assumed have deserved attention (see [1,6–9,
13,14,24,28,29]). The natural link between preordered sets and topological spaces established via the specialization functor
gives natural examples of preordered topological spaces and reinforces our choice of considering spaces free of T1 axiom,
since the specialization preorder is discrete for T1-topological spaces. Insertion theorems for functions with values in a
-separable completely distributive lattice were studied, among others, by Gutiérrez García, Kubiak and de Prada Vicente
in [8]. This work deserves special mention because it is crucial in the development of our study.
The present paper deals with lattice-valued functions deﬁned on preordered topological spaces in which no separation
axiom is assumed.
We seek conditions for the insertion (double insertion) of a continuous monotone function (a pair of semicontinuous
monotone functions) between comparable functions of a preﬁxed type. Note that we shall only study the increasing case
since the conditions for the insertion of a continuous decreasing function can be deduced from the increasing ones.
The techniques established in [8] allow us to give, for preordered topological spaces, lattice-valued counterparts of some
results for real-valued functions given in [25,22,5,30]. Most of the results obtained in this paper reduce to the ones in [8]
when the preorder is discrete.
The paper is organized as follows: In Section 2, some concepts and notation of a merely auxiliary kind are given. Besides,
some properties of lattice-valued functions deﬁned on preordered sets are studied, which are of a technical interest on their
own. Section 3 deals with normal-type separation axioms on preordered topological spaces and some remarks related to
them. In Section 4 we ﬁrst establish a suﬃcient condition for inserting a continuous and increasing lattice-valued function
between a pair of comparable functions. It is the key to obtaining new different characterizations (in terms of insertion and
double insertion) of normal-type preordered topological spaces, which are also given in Section 4, as well as of extremally
disconnected-type preordered topological spaces, which are studied in Section 5. Finally, Section 6 is devoted to the study
of extension properties of continuous and increasing lattice-valued functions on preordered topological spaces.
2. Preliminaries
2.1. Lattices
In this paper L will always denote a completely distributive lattice (with order  and bounds 0 and 1). We refer the
reader to [6] for general concepts regarding lattices and complete distributivity not deﬁned herein.
Instead of using the equational characterization of complete distributivity, we shall use the description of complete
distributivity in terms of an extra order with the approximation property [21]. Given a complete lattice L and a,b ∈ L, take
the following binary relation: a  b if and only if, whenever C ⊆ L and b ∨C , there exists some c ∈ C with a  c. The
lattice L is said to be completely distributive if and only if a =∨{b ∈ L: b a} for each a ∈ L. The relation  has the following
properties: (1) a b implies a b; (2) c  a b  d implies c  d (so  is transitive); (3) a b implies a c  b for some
c ∈ L (interpolation property).
A subset D ⊆ L is called join-dense (or a base) if a =∨{d ∈ D: d  a} for each a ∈ L. An element a ∈ L is called su-
percompact if a  a holds. As in [8], any completely distributive lattice which has a countable join-dense subset free of
supercompact elements will be called -separable.
2.2. Semicontinuous lattice-valued functions
Below we collect some results and properties regarding lattice-valued functions that will be needed later on. They mainly
come from [8].
Given a set X , LX denotes the collection of all functions from X into L ordered pointwise, i.e., f  g in LX iff f (x) g(x)
in L for each x ∈ X . Given f ∈ LX and a ∈ L, we write [ f  a] = {x ∈ X: a f (x)} and similarly for [ f  a].
Let X be a topological space. A function f ∈ LX is said to be upper (resp. lower) semicontinuous if [ f  a] is closed (resp.
[ f  a] is open) for each a ∈ L (cf. [8,14]). For A ⊆ X , the characteristic function 1A is upper [lower] semicontinuous iff A is
closed [open].
The collections of all upper [lower] semicontinuous functions of LX will be denoted by USC(X, L) [LSC(X, L)]. Elements
of C(X, L) = USC(X, L) ∩ LSC(X, L) are called continuous.
We now recall the general procedure for generating lattice-valued functions developed in [8]. This technique will be
essential throughout the paper. See [26] and [2] for the case of real-valued functions.
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The function f ∈ LX deﬁned as f (x) =∨{d ∈ D: x ∈ Fd} is said to be generated by the scale F and, if D is join-dense, it
is the unique f in LX satisfying [ f  d] ⊆ Fd ⊆ [ f  d] for any d ∈ D . Given f ∈ LX , the collections {[ f  a]: a ∈ L} and
{[ f  a]: a ∈ L} (here the index set L can be substituted by any join-dense D ⊆ L) are scales that generate the function f .
The following property of scales is essential for our purposes.
Lemma 2.1. ([8, Lemma 4.3]) Let D ⊆ L be join-dense and {Fd}d∈D and {Gd}d∈D be scales generating f , g ∈ LX , respectively. Then
f  g iff Fd1 ⊆ Gd2 whenever d2  d1 .
The following characterizations of continuity-like properties in terms of scales will be needed later on:
Proposition 2.2. ([8, Corollary 5.4]) Let D be a join-dense subset of L, X be a topological space and f ∈ LX be generated by the scale
{Fd}d∈D . Then:
(1) f ∈ USC(X, L) iff Cl(Fd1 ) ⊆ Fd2 whenever d2  d1;
(2) f ∈ LSC(X, L) iff Fd1 ⊆ Int(Fd2 ) whenever d2  d1;
(3) f ∈ C(X, L) iff Cl(Fd1 ) ⊆ Int(Fd2 ) whenever d2  d1 .
Remark 2.3. It is easy to show that D ⊆ L (with L a completely distributive lattice) is join-dense iff given a b in L, there
is some d ∈ D such that a d b (see [8, Fact 2.1]). The proofs of Lemma 2.1 and Proposition 2.2 rely on this key property.
2.3. Preordered topological spaces
Let X be a set. By a preorder  on X we mean a reﬂexive and transitive relation on X . The preorder  is called discrete
if x y is equivalent to x = y. A preordered set is a pair (X,) such that X is a set and  is a preorder on X . The symbol
op will denote the opposite preorder on X , i.e., xop y iff y  x.
Let (X,) be a preordered set. A subset A ⊆ X is said to be increasing (resp. decreasing) if x y (resp. y  x) together
with x ∈ A imply y ∈ A. Note that A is decreasing iff X \ A is increasing iff A is increasing in (X,op). For a subset A of X ,
i(A) = {y ∈ X: ∃x ∈ A such that x y} (resp. d(A) = {y ∈ X: ∃x ∈ A such that y  x}) denotes the smallest increasing (resp.
decreasing) subset of X containing A.
A preordered topological space is a topological space (X, τ ) with a preorder , which shall be denoted (X, τ ,) or
merely X if no confusion is possible. The preorder is called closed if its graph {(x, y) ∈ X × X: x y} is closed in X × X . We
refer the reader to [20] for general concepts regarding preordered topological spaces.
The following link between preordered sets and topological spaces is well known [24]. For a topological space (X, τ ), the
specialization preorder is given by
xs y ⇐⇒ x ∈ Cl
({y}) ⇐⇒ Cl({x})⊆ Cl({y})
for each x, y ∈ X . (X, τ ,s) becomes a preordered topological space. Clearly, the specialization preorder is an order iff the
space (X, τ ) is T0; also if (X, τ ) is T1, then the order s is discrete.
2.4. Monotone lattice-valued functions
We shall now study some order-like properties of lattice-valued functions deﬁned on preordered sets. These properties
are of a technical interest on their own and will be needed in the sequel.
Let (X,) be a preordered set. A function f ∈ LX is called increasing (resp. decreasing) if f (x)  f (y) (resp. f (y) 
f (x)) whenever x  y. Note that a subset A ⊆ X is increasing iff 1A is increasing. Also, f : (X,) → L is decreasing iff
f : (X,op) → L is increasing.
The following proposition is straightforward:
Proposition 2.4. Let (X,) be a preordered set and f ∈ LX . Then:
(1) f is increasing iff [ f  a] and [ f  a] are increasing for each a ∈ L;
(2) f is increasing iff there is a scale of increasing sets {Fd}d∈D which generates f .
Given f ∈ LX , we denote by f i the smallest increasing function which majorizes f :
f i =
∧{
g ∈ LX : g is increasing and f  g}.
Clearly, f  f i and 1A i = 1i(A) for each f ∈ LX and A ⊆ X .
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(1) f i is generated by the scale {i(Fd)}d∈D ;
(2) f is increasing iff i(Fd1 ) ⊆ Fd2 whenever d2  d1 .
Proof. (1) Let g ∈ LX be generated by the scale {i(Fd)}d∈D . Since i(Fd) is increasing and Fd ⊆ i(Fd) for each d ∈ D , by
Proposition 2.4(2) and Lemma 2.1 it follows that g is increasing and f  g , so f i  g . Moreover, since f  f i , we have
Fd1 ⊆ [ f i  d2] for any d2  d1, with the last subset being increasing. So i(Fd1 ) ⊆ [ f i  d2] and therefore, g  f i holds.
(2) Note that f is increasing iff f i  f , which means that i(Fd1 ) ⊆ Fd2 whenever d2  d1 by the previous statement and
Lemma 2.1. 
3. On normality conditions in preordered topological spaces
We recall some normal-type axioms on preordered topological spaces, which come from [18,20,22]. Note that we will
not write the original deﬁnitions but equivalent formulations of them.
For a preordered topological space (X, τ ,), let us consider the separation properties described as follows:
Normally preordered space: For any F closed increasing and U open increasing such that F ⊆ U , there exist V open in-
creasing and G closed increasing such that F ⊆ V ⊆ G ⊆ U ;
Ni-space: For any F closed increasing and U open with F ⊆ U , there exist V open increasing and G closed increasing such
that F ⊆ V ⊆ G ⊆ U ;
Nd-space: For any F closed and U open increasing with F ⊆ U , there exist V open increasing and G closed increasing such
that F ⊆ V ⊆ G ⊆ U ;
Ni,d-space: Both an Ni-space and an Nd-space.
We shall also work with one more normal-type axiom, named N-space, introduced in [22] as:
N-space: For any closed sets F1 and F2 such that x2  x1 for any x1 ∈ F1 and x2 ∈ F2, there exist disjoint open sets U1
and U2, decreasing and increasing respectively, such that Fi ⊆ Ui , i = 1,2.
In what follows we state a new description of N-spaces, which will serve not only to display their relation with the
other normal-type axioms but also to achieve later a characterization in terms of insertion.
Lemma 3.1. For a preordered topological space X, the following are equivalent:
(1) X is an N-space;
(2) For any F closed and U open such that i(F ) ⊆ U there exist V open increasing and G closed increasing such that F ⊆ V ⊆ G ⊆ U .
Proof. X is an N-space iff for any closed sets F1 and F2 such that F1 ∩ i(F2) = ∅ there exist disjoint open sets U1 and U2,
decreasing and increasing respectively, such that Fi ⊆ Ui , i = 1,2. The latter property is obviously equivalent to state-
ment (2). 
Remark 3.2. Notice that any N-space is an Ni,d-space and Ni-spaces as well as Nd-spaces are normally preordered, but the
converses need not be true unless some extra conditions are imposed. It was shown by Priestley [22] that in the class of T1
spaces, an ordered topological space is an N-space iff it is an Ni,d-space and the order is closed. Also, even if it was not said
explicitly, in her work she used the fact that, in the class of T1 spaces, N-spaces are also equivalent to Ni,d-spaces which
are also C-spaces (those preordered topological spaces in which the sets i(F ) and d(F ) are closed for any closed set F , also
called anticontinuous in [15]).
Nevertheless, these results are no longer true if the axiom T1 is removed, since in general N-spaces neither have a closed
order nor are C-spaces. This is shown in the following examples:
Example 3.3. Let τ = {(a,∞): a ∈R} ∪ {∅,R} and  be the usual order on R. (R, τ ,) is an N-space which is not T1 and
whose preorder is not closed.
The previous example is a particular case of a non-empty preordered topological space (X, τu,) in which the topol-
ogy τu is the upper topology on X determined by the preorder , i.e., the least topology in which the sets {y ∈ X: y  x}
are closed for all x in X . Note that the upper topology is typically non T1. Indeed, (X, τu) is T1 iff  is discrete. In particular,
if the preorder  is a total order, then in (X, τu,) there are no non-empty disjoint closed sets and hence X is an N-space.
However, all such spaces fail to have a closed preorder.
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by the family
S = {F ⊆ (−∞,0]: F ∈ Cu
}∪ {{0} ∪ F : F ⊆ [0,+∞) is ﬁnite}∪ {[0,+∞)}
(where Cu denotes the family of closed sets with the usual topology). It is easy to show that (R, τ ,) is an N-space, which
is not T1, and fails to be a C-space.
We would like to point out that, as it was said in the Introduction, in this paper we will be working in a context free
of T1 axiom. Therefore, many of the arguments used in the proofs in [22] are no longer valid in our context, since those
arguments rely on equivalences which fail to be true if the axiom T1 is removed.
We ﬁnish this section with the following proposition. It is the key to obtaining the decreasing versions of all the insertion
theorems we shall give in the sequel.
Proposition 3.5. Let (X, τ ,) be a preordered topological space. Then:
(1) (X, τ ,) is normally preordered iff (X, τ ,op) is normally preordered;
(2) (X, τ ,) is an Ni-space iff (X, τ ,op) is an Nd-space;
(3) (X, τ ,) is an N-space iff (X, τ ,op) is an N-space.
4. Separating upper and lower semicontinuous functions
The objective of this section is to characterize in terms of insertion of lattice-valued functions the normal-type pre-
ordered topological spaces deﬁned in the previous section (see [22] for such discussion in the real-valued case). The results
we present will generalize (to preordered topological spaces in which no separation axiom is assumed), extend (to lattice-
valued context) and in some cases improve the ones obtained by Semadeni and Zidenberg in [25] and Priestley in [22] (see
also [23]) for real-valued functions.
Most of the proofs of the different insertion theorems we shall obtain in this paper share a common strategy based on
Kateˇtov’s results [11], which will be stated in Theorem 4.5.
We shall need some auxiliary concepts and results.
Deﬁnition 4.1. ([11,12]) Let X be a set. A binary relation  on the powerset P(X) is a Kateˇtov relation if for all A, B,C, D ⊆ X
the following hold:
(K1) A  B ⇒ A ⊆ B ,
(K2) A ⊆ B  C ⊆ D ⇒ A  D ,
(K3) A  B and C  B ⇒ (A ∪ C) B ,
(K4) A  B and A  C ⇒ A  (B ∩ C),
(K5) A  B ⇒ A  D  B for some D ⊆ X . (interpolation property)








for all A ∈ A and B ∈ B. Then there is some C ⊆ X such that A  C  B for all A ∈ A and B ∈ B.
Lemma 4.3. ([8, Lemma 6.3]) Let X be a set and be a Kateˇtov relation on P(X). Let L be a completely distributive lattice and D be a
countable subset of L without supercompact elements. Let {Fd}d∈D and {Gd}d∈D be scales on X such that
d2  d1 implies Fd1  Gd2 .
Then there is a scale {Hd}d∈D such that
d2  d1 implies Hd1  Hd2 , Fd1  Hd2 and Hd1  Gd2 .
Remark 4.4. The previous lemma is a particular case of Lemma 6.3 in [8] and it is the key to generate, by means of scales,
appropriate functions in between two given comparable lattice-valued functions. The assumption of D being countable
is needed in order to inductively construct the family {Hd}d∈D . On the other hand, the absence of supercompact elements
implies that the relation  is irreﬂexive on D , a necessary condition in the proof. The family {Hd}d∈D is constructed applying
Lemma 4.2 in each step of the induction.
After all these preliminary results, we are now in a position to state a suﬃcient condition for inserting a continuous and
increasing lattice-valued function between two comparable lattice-valued functions.
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countable join-dense subset of L without supercompact elements. Let {Fd}d∈D and {Gd}d∈D be scales generating f , g ∈ LX , respectively,
and such that
d2  d1 implies Fd1  Gd2 .
Then, there exists h ∈ LX such that f  h g and satisfying:
(1) If Cl(A) ⊆ B and A ⊆ Int B whenever A  B, then h ∈ C(X, L);
(2) If i(A) ⊆ B whenever A  B, then h is increasing.
Proof. The proof is based on Lemma 2.1, Proposition 2.2 and Lemma 4.3. Note that the condition of D being join-dense is
needed in Lemma 2.1 and Proposition 2.2, while the condition of D being countable and without supercompact elements is
needed in Lemma 4.3.
Let {Fd}d∈D and {Gd}d∈D be scales generating f , g ∈ LX with Fd1  Gd2 whenever d2  d1. By Lemma 4.3 there is a scale{Hd}d∈D such that
d2  d1 implies Hd1  Hd2 , Fd1  Hd2 and Hd1  Gd2 .
By Lemma 2.1 we conclude that the scale {Hd}d∈D generates a function h ∈ LX such that f  h g . Moreover:
(1) If A  B implies Cl(A) ⊆ B and A ⊆ Int B , then it follows from Proposition 2.2(1) and (2) that h ∈ C(X, L). (See
[8, Theorem 6.4].)
(2) If A  B implies i(A) ⊆ B , then it follows from Proposition 2.5(2) that h is increasing. 
Each of the insertion theorems that follow will be proved applying Theorem 4.5. The normality condition will serve to
select the right Kateˇtov relation as well as to determine the precise monotonicity conditions to be imposed on the initial
semicontinuous functions.
Only the ﬁrst theorem will be proved in detail.
Theorem 4.6. Let X be a preordered topological space and L be -separable. The following statements are equivalent:
(1) X is normally preordered;
(2) For any f ∈ USC(X, L) and g ∈ LSC(X, L), both increasing, such that f  g, there exists an increasing h ∈ C(X, L) such that
f  h g;
(3) For any f ∈ USC(X, L) and g ∈ LSC(X, L), both increasing, such that f  g, there exist some l ∈ LSC(X, L) and u ∈ USC(X, L),
both increasing, such that f  l u  g.
Proof. (1) ⇒ (2): Let f ∈ USC(X, L) and g ∈ LSC(X, L) be both increasing and f  g . Let D be a countable join-dense subset
of L without supercompact elements and take the scales {Fd = [ f  d]}d∈D and {Gd = [g  d]}d∈D . Then Fd is closed and Gd
open for any d ∈ D , and by Proposition 2.4(1) both Fd and Gd are increasing. Consider the binary relation on P(X) deﬁned
by
A  B ⇐⇒ ∃F closed, U open, both increasing, such that A ⊆ F ⊆ U ⊆ B.
Notice that Fd1  Gd2 whenever d2  d1. The relation  satisﬁes properties (K1)–(K4) of Deﬁnition 4.1 and besides, since
X is normally preordered it also satisﬁes the interpolation property. Therefore it is a Kateˇtov relation. Moreover, A  B
implies that i(A) ⊆ B , Cl(A) ⊆ B and A ⊆ Int B . Consequently, by Theorem 4.5, there exists an increasing h ∈ C(X, L) such
that f  h g .
(2) ⇒ (3): Obvious.
(3) ⇒ (1): Let F be a closed increasing set and U an open increasing set such that F ⊆ U . Then, f = 1F ∈ USC(X, L), g =
1U ∈ LSC(X, L), both are increasing and f  g . By hypothesis, there exist l ∈ LSC(X, L) and u ∈ USC(X, L), both increasing,
such that f  l u  g . Now, take 0 d 1. Then,
F = [ f  d] ⊆ [l d] ⊆ [u  d] ⊆ [g  d] = U
with [l d] open and increasing and [u  d] closed and increasing. Consequently, X is normally preordered. 
Theorem 4.7. Let X be a preordered topological space and L be -separable. The following statements are equivalent:
(1) X is an Ni-space;
(2) For any f ∈ USC(X, L) and g ∈ LSC(X, L) such that f  g and f is increasing, there exists an increasing h ∈ C(X, L) such that
f  h g;
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both increasing, such that f  l u  g.
Proof. As in Theorem 4.6. Select now the binary relation:
A  B ⇐⇒ ∃F closed and increasing and U open such that A ⊆ F ⊆ U ⊆ B. 
Naturally, there is a counterpart of the previous theorem for Nd-spaces, whose proof relies on the following Kateˇtov
relation:
A  B ⇐⇒ ∃F closed and U open and increasing such that A ⊆ F ⊆ U ⊆ B.
Theorem 4.8. Let X be a preordered topological space and L be -separable. The following statements are equivalent:
(1) X is an Nd-space;
(2) For any f ∈ USC(X, L) and g ∈ LSC(X, L) such that f  g and g is increasing, there exists an increasing h ∈ C(X, L) such that
f  h g;
(3) For any f ∈ USC(X, L) and g ∈ LSC(X, L) such that f  g and g is increasing, there exist some l ∈ LSC(X, L) and u ∈ USC(X, L),
both increasing, such that f  l u  g.
Corollary 4.9. Let X be a preordered topological space and L be -separable. Then X is an Ni,d-space iff for any f ∈ USC(X, L) and
g ∈ LSC(X, L) such that f  g and f or g is increasing, there exists an increasing h ∈ C(X, L) such that f  h g.
Proof. It follows directly from Theorems 4.7 and 4.8. 
We now consider the situation in which none of the semicontinuous functions f , g is assumed to be increasing. It is
clear that if one wants to insert a continuous increasing h in between, the necessary requirement that the functions f and
g have to satisfy is f (x) g(y) whenever x y, equivalently, f i  g . We shall see that this necessary requirement is also
suﬃcient when we have N-spaces.
Theorem 4.10. Let X be a preordered topological space and L be -separable. The following statements are equivalent:
(1) X is an N-space;
(2) For any f ∈ USC(X, L) and g ∈ LSC(X, L) such that f i  g, there exists an increasing h ∈ C(X, L) such that f  h g;
(3) For any f ∈ USC(X, L) and g ∈ LSC(X, L) such that f i  g, there exist some l ∈ LSC(X, L) and u ∈ USC(X, L), both increasing,
such that f  l u  g.
Proof. Similar to Theorem 4.6. Select now the binary relation:
A  B ⇐⇒ ∃F closed and U open such that A ⊆ F ⊆ i(F ) ⊆ U ⊆ B.
For (3) ⇒ (1), just take into account that 1F i = 1i(F ) . 
Remark 4.11. Note that Theorem 3 in [22] is a direct consequence of the previous characterization of N-spaces, which seem
to be new even for the real-valued case. Once again, we want particularly to stress the fact that in our case, the arguments
used to obtain Theorem 4.10 are of a completely different nature to the ones used to obtain Theorem 3 in [22].
5. Separating lower and upper semicontinuous functions
We now turn to the dual situation and seek which conditions should be imposed, either on the spaces or in the functions
or in both, in order to have the possibility of inserting a continuous and increasing function between a pair of comparable
lower and upper semicontinuous functions. These conditions will give rise to new characterizations, in terms of insertion,
of some more topological properties.
We shall begin by imposing monotonicity conditions on both semicontinuous functions. In this case, the insertion prop-
erty will characterize the so-called extremally preorder-disconnected spaces.
A preordered topological space X is said to be extremally preorder-disconnected [5] (see also [23]) if for any increasing
open set U and any decreasing open set V , the sets Cli(U ) and Cld(V ) are also open (with Cli(U ), resp. Cld(V ), the smallest
closed and increasing, resp. decreasing, set containing U , resp. V ).
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following property:
For any U open increasing and F closed increasing such that U ⊆ F there exist G closed increasing and V open increasing
such that U ⊆ G ⊆ V ⊆ F .
This fact highlights, once again, a kind of “duality” existing between normal-type and extremally disconnected-type
topological spaces.
Theorem 5.2. Let X be a preordered topological space and L be -separable. The following statements are equivalent:
(1) X is extremally preorder-disconnected;
(2) For any f ∈ LSC(X, L) and g ∈ USC(X, L), both increasing, such that f  g, there exists an increasing h ∈ C(X, L) such that
f  h g;
(3) For any f ∈ LSC(X, L) and g ∈ USC(X, L), both increasing, such that f  g, there exist u ∈ USC(X, L) and l ∈ LSC(X, L), both
increasing, such that f  u  l g.
Proof. It is dual to the proof of Theorem 4.6 considering now the binary relation
A  B ⇐⇒ ∃U open, F closed, both increasing such that A ⊆ U ⊆ F ⊆ B
and the scales {Fd}d∈D and {Gd}d∈D with Fd = [ f  d] and Gd = [g  d]. 
Remark 5.3. As it happenned for normal-type preordered topological spaces, if we only assume that one of the semi-
continuous functions is increasing, then characterizations of stronger types of extremally preorder-disconnected spaces are
obtained.
Let us ﬁnally consider the case in which none of the semicontinuous functions is assumed to be increasing. For the case
of real-valued functions, this study was done by Edwards in [5]. In this case, the insertion property will characterize the
spaces we shall call strongly extremally preorder-disconnected.
We shall say that a preordered topological space X is strongly extremally preorder-disconnected if for each open subset U
of X , Cl(i(U )) is open and increasing.
Remarks 5.4. (1) Strongly extremally preorder-disconnected spaces are precisely those spaces characterized by the following
property (see [5]):
For any U open and F closed such that i(U ) ⊆ F there exist G closed increasing and V open increasing such that
U ⊆ G ⊆ V ⊆ F .
(2) Every strongly extremally preorder-disconnected space is clearly extremally preorder-disconnected. Even if the con-
verse is not true in general, it was shown in [5] that if the space X is extremally preorder-disconnected as well as an I-space
(those spaces in which the subsets i(U ) and d(U ) are open for any open U , also called compliant in [5] and continuous
in [15]), then X is also strongly extremally preorder-disconnected.
We are now in a position to give the last insertion theorem. We would like to point out that the arguments we shall use
to prove it are also of a completely different nature to the ones used in [5] for the case of real-valued functions.
Theorem 5.5. Let X be a preordered topological space and L be -separable. The following statements are equivalent:
(1) X is strongly extremally preorder-disconnected;
(2) For any f ∈ LSC(X, L) and g ∈ USC(X, L) such that f i  g, there exists an increasing h ∈ C(X, L) such that f  h g;
(3) For any f ∈ LSC(X, L) and g ∈ USC(X, L) such that f i  g, there exist u ∈ USC(X, L) and l ∈ LSC(X, L), both increasing, such
that f  u  l g.
Proof. It is dual to the proof of Theorem 4.10 considering now the binary relation
A  B ⇐⇒ ∃U open and F closed such that A ⊆ U ⊆ i(U ) ⊆ F ⊆ B
and the scales {Fd}d∈D and {Gd}d∈D with Fd = [ f  d] and Gd = [g  d]. 
6. Extending increasing continuous real-valued functions
From the insertion theorems obtained in the previous sections, it is possible to deduce easily the following Tietze-type
extension theorems.
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increasing h ∈ C(X, L) such that h|F = f .
Proof. Let u = f = l in F and u(x) = 0, l(x) = 1 for any x ∈ X \ F . Then, u ∈ USC(X, L), l ∈ LSC(X, L) and u  l. It follows
easily that u(x)  l(y) whenever x  y in X , equivalently, ui  l. Therefore, by Theorem 4.10 there exists an increasing
h ∈ C(X, L) such that u  h l. Consequently, h|F = f . 
Theorem 6.2. Let X be a strongly extremally preorder-disconnected space and L be -separable. If U is open in X and f ∈ C(U , L) is
increasing, then there exists an increasing h ∈ C(X, L) such that h|U = f .
Proof. Dual to Theorem 6.1 using now Theorem 5.5. 
Notice that both extension theorems are in fact characterizations of N-spaces and strongly extremally preorder-
disconnected spaces, respectively. For real-valued functions, these two extension theorems were obtained in [22] and [5],
respectively.
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